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Experiments on phase and generalized synchronization of two coupled, nonidentical chaotic electrochemical
oscillations are presented. We adapt measures of characterizing synchronization of a non-phase-coherent cha-
otic behavior and compare its properties and physicochemical mechanism to those of a phase-coherent behav-
ior. Phase synchronization sets in along with the onset of generalized synchronization for the non-phase-
coherent oscillations in contrast to phase-coherent oscillations in which the phase synchronization usually
occurs at a weaker coupling strength.
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Synchronization of coupled chaotically oscillating sys- coupling strength. Generalized synchronization is quantified
tems has received considerable recent int¢dsMost stud-  with a test of functional relationship between the two
ies are done with phase-coherent oscillations in which phaseoupled systems using an algorithm based on a method of
and amplitude are easily defined and in which the variance ofse neighbor$20]. The coupling strength at which phase
instantaneous periods is small yielding a relatively narrowand generalized synchronization occurs is determined and
peak in the Fourier transforf2]. In such systems phase compared to results obtained with the coherent chaotic elec-
synchronization(bounded phase differendd]) occurs at  rodissolution of nicke[7].
much smaller coupling strengtfi8] than identical[4] or A standard three-compartment electrochemical cell con-

generalized synchronizatidicontinuous functional relation- sisting of two iron working electroded-mm diameter each
ship between attractorg5]. There are many experimental with 2-mm spaciny a Hg/HgS0,/K,S0; reference elec-

examples of coupling and fprcing of phage-coherent Chac)tif.:rode and a Pt mesh counter-electrode was ugedche-
systems in physicg], chemistry| 7], and biology]8,9) matic, of the experimental setup can be found in R&f.)

However, many systems are non-phase-coherent and . .
principal frequency is not easily defined; they exhibit higherﬁm applied potentialV) of both electrodes was held at the

complexity and can have more than one characteristic tim§@Me value. The electrodes were connected to the poten-
scale[10]. Examples are seen in laséds], fluid flow [12], tiostat through MO |nd|V|.duaI p.arallel res'lstomeq) and
and chemical oscillationgL3]. Multiple time scales are in- through one series collective resist&,) which furnishes a
herent in physiologic dynami¢44]. Non-phase-coherent os- global coupling of strengths =R/ Ry, Where Rigi=Rgq
cillations can be a sign of dysfunction. Highly irregular os- +Ring/2 is kept constant. Foe=0, the external resistance
cillations with a broad power spectrum have been reportefurnishes no additional coupling; fer=1, maximal external
for spontaneously hypertensive rafs5]. Non-phase- coupling is achieved7].
coherent systems impose two challenges. First, the defini- Both relatively slow and fast cycles are seen in the current
tions of instantaneous phase and amplitude are not straightime series and the reconstructed attractor shows no obvious
forward; several approaches have been proposed usingnter of rotation as shown in Figs(al and ib), respec-
wavelets[11,15,1, an external nonlinear locking device tively. The phasd ¢(t)] can be defined using the derivative
[13], or a method based on curvature of the trajectory in statef the Hilbert transfornH(t) of the current(t)
space[10]. Second, the synchronization differs from the
phase-coherent case; theoretical and simulation studies have _ dH(t)/dt
shown that phase and generalized synchronization can both (1) = arctandi(t)/dt '
occur at strong coupling strengths in systems with non-
phase-coherent attractdrs0], in systems with large hetero- Osipov et al. have previously proposed the use of a two-
geneitied17], or in the coupling of disparate oscillatdiks]. dimensional phase space based on derivative component co-
In this paper we compare synchronization of coupled nonerdinateqg 10]. Although there is no unique center of rotation
phase-coherent and phase-coherent chaotic systems usiingthe phase space using the Hilbert transfdd] [Fig.
two laboratory model systems from electrochemistry. Thel(c)], a unique center is found using the derivative of both
first is iron electrodissolution which exhibits bistability, pe- coordinategFig. 1(d)]; thus Eq.(1) can be used for the defi-
riodic oscillations, and chaos depending on parameters sugtition of phase. The extent of phase coherence can also be
as applied potential, external resistance, and rate of maseen in the return times of the time series data. While for the
transfer to the surfacgl9]. In the parameter range consid- phase-coherent chaos of Ni electrodissolution the oscillations
ered in this paper the electrodissolution undergoes compleltave similar return time$+10%) [see Fig. 2a)], for the
chaotic behavior for which standard methods of phase definon-phase-coherent chaos of iron dissolufisee Fig. 2b)]
nitions fail. Phases of the oscillations are calculated with ascillations with very small and large periods occur. It is also
method based on trajectory curvat(it®], and a measure of seen in the figure that this behavior is stationary; the large
phase synchronizatioff] is obtained as a function of the changes are not due to drift but due to a dynamic process.
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FIG. 3. Two non-phase-coherent chaotic systems without added

-1 05 0 05 -50 0 50 coupling (=0, V=-0.321 \). (a) Current of electrode 2 vs elec-

i - <& (mA) di(f/dt (mAss) trode 1.(b) Phase difference vs timéc) Histogram of cyclic phase
difference(A ¢ mod 2 modulated intd -, 77]). (d) and(e) Recon-
structed attractors of the electrodes using time-delay coordinates.
The circles represent phase points at an arbitrary time; triangles
represent nearest-neighbor image points.

FIG. 1. Dynamics of a single electrod@) Time series of the
current.(b) Attractor using time-delay coordinates) Phase space
using the Hilbert transfornm(d) Phase space using the derivative of
the Hilbert transform(Black circle at the origin denotes the center
of rotation)

7 = (Snax— 9/Snax 2
(We have also confirmed the stationarity of oscillations with

a wavelet-based methd@2]; the wavelet analysis shows ] ) )
only small fluctuations in characteristic frequencies but novhereS is the Shannon entropy of the cyclic phase differ-

long-term drify. ence distribution(S=-=M.p; In p;, M is the number of bins
Without added couplings=0) the two-electrode results in the histogram of cyclic phase differences in Fi¢e)3p; is

are shown in Fig. 3. The current of electrode 1 vs electrode € fraction of data points in thith bin), and Sy is the

[Fig. @] does not show any obvious correlation. Phases ar@@imum entropyflat distribution. o takes on values from

obtained with Eq.(1) and phase differences defined as? t0 1 as the distribution changes from flat to a delta func-

Ad(t)=d1 (1) - dy(t). The magnitude of phase differences tion- Fore=0 in Fig. 3c), 0=0.008. _ _
tends to increase with timisee Fig. &)]; however, large Generalized synchronization can be characterized with a

fluctuations from a straight line occur due to the strong nonduantity that expresses a continuous functional relationship
phase-coherent feature of the chaotic oscillatioffhese Petween the attractors of the two systeiis Continuity was

fluctuations are much smaller for the phase-coherent chaotfifficult to prove(even for two identical systenishowever,
Ni electrodissolutiori7].) The histogram of the cyclic phase & robust algorithm based on false nearest neighbors has been

differences(A ¢ mod 2) [Fig. 3©)] is flat, indicating no fa- proposed to characterize functional relationships between
vored phase difference and no significant inherent couplin ignals[20]. '_I'he ”.“etho‘?' was deyeloped to determine opti-
at £=0 through the electrolyte. A synchronization index al embedding dimension and time delay. Nevertheless, as

can be used to quantitatively characterize the extent of phaé’ée shall se;g bglow, |thproy|dgs an efﬁmﬁn'ta\way to.c*hakr‘acter—
synchronizatior{9]; the value ofo expresses the sharpness Ize generalized synchronization as well. At any tindhe

of the maximum in the cyclic phase difference distributionPN@se points of electrode one and two it ) andx,(t).
and is obtained as The nearest neighbors of these two poimtgt;) andx,(t,),

respectively, are determinetlith the software package
OPENTSTOOL[23]). Functional relationships are assumed to
a b exist if both |x,(t") —X,(t)| < 8 and [x,(t") —x4(t,)| < & are

15 15 fulfilled, where 6=0.7 mA. The reconstruction of the attrac-
tors was done using the method of time delays with the cur-
rent[i(t)] signal of the electrodes; reconstruction parameters

05 0.5 (time delay, 7=0.015 s and embedding dimensiom=4)
were determined in such a way to avoid false neighp2d$
% 20 40 e &0 % 20 4 e e The functional relationship between the electrodes is charac-
n n

terized by the fraction of phase poirfsthat passes the false
FIG. 2. Time series of dimensionless return tim&sst;/(t;), neighbor test. An example is shown in Flg$d1§anq 3e).

wheret; is the time between two maxima in current time serigs. ~ 1he large distances between the phase points atircles

Ni dissolution with phase coherent chagisne series data taken and att; andt, (triangles, respectively, show that there is no

from Ref.[7]). (b) Iron dissolution with non-phase-coherent chaos functional relationship between the two phase pointd at

(conditions are given in Fig.)1 =t". The analysis of the whole time seriesst0 givesP
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FIG. 4. Two non-phase-coherent chaotic systems with added 0.2 f 0.2
coupling(¢=0.6,V=-0.300 \). (a) Current of electrode 2 vs elec- o »
trode 1.(b) Phase difference vs timéc) Histogram of cyclic phase 0 0.5 1 0 05 1

difference(A ¢ mod 2 modulated intd -7, 7]). (d) and(e) Recon-
structed attractors of the electrodes using time-delay coordinates. FIG. 5. Phase and generalized synchronization of non-phase-
The circles represent phase points at an arbitrary time; trianglesoherent and phase-coherent systems. Left column: a non-phase-
represent nearest-neighbor image points. coherent system in iron electrodissolution. Error bars indicate stan-
dard deviation of data obtained in nine experiments for —0.36 V
) . . <V=-0.18 V.(a) The synchronization index as a function of cou-
=0.004, i.e., only a small fractio{®.4%) of the phase points pjing strength(b) The fraction of phase points passing the nearest-
passes the false neighbor test. neighbor test vs coupling strength. Right column: the phase-
Now we consider the addition of fairly strong coupling coherent chaotic system of Ni dissolutida) The synchronization
(£=0.6, Fig. 4. With this added coupling there is a remark- index as a function of coupling strengtfu) The fraction of phase
able change in the synchronization properties of the oscillapoints passing the nearest-neighbor test vs coupling streingth
tions. Although identical synchronizatidicorresponding to =3, 7=0.1 s,6=0.01 mA).
the diagonal lingin thei;(t) vsix(t) plot [Fig. 4(a)] is not
present, there is correlation between the currents of the elecoherent and phase synchronization was previously shown to
trodes. The phase differenci&g. 4(b)] are nearly constant occur ate=0.06. In Figs. %) and §d) o andP are shown as
with some phase slipthese are related to sharp peaks ina function of coupling strength. Phase synchronization sets in
time series for which state space reconstruction is inaccuat e=0.06 at which coupling strengtth increases consider-
rate. The histogram of cyclic phase differendddg. 4(c)] ably. Generalized synchronization sets in at abhow0.5 as
has a maximum near zero; antiphase oscillations are practshown by the large increase Bf Thus, for phase-coherent
cally not observed, i.e., the probabilities at-and 7 differ-  chaotic oscillations, phase and generalized synchronization
ences are almost zero. The synchronization index has a largge distinct processes occurring at weak and strong coupling
valueo=0.412; our previous studies showed that phase synstrength, respectively.

chronization is established wher>0.1-0.2[7]. Thus, we Depending on the coherence of the chaotic attractor three
see that the phases of the oscillations are correlated and @fpes of transitions have been proposed—from unsynchro-
£=0.6 phase synchronization has set in. nized to both phase and generalized synchronized $teigs

The phase points of the attractors shown in Figd) &nd  For phase-coherent attractors the zero Lyapunov exponent
4(e) pass the nearest-neighbor test. Note that the correspon(-E) is associated with the phase dynamics and phase syn-
ing phase point¢shown in triangles and circlgseside on  chronization occurs at weak coupling shortly after the zero
different parts of the two attractors; such a mapping is in{.E becomes negative and generalized synchronization oc-
dicative of generalized synchronization. The analysis gaveurs at the strong correlation of amplitudes at large coupling;
P=0.456 showing that about half of the phase points pass thgpparently, the transition seen in Ni electrodissolution be-
false neighbor test. longs to this category. For chaotic attractors with intermedi-

The synchronization indexr and the fraction of data ate phase diffusion the transition takes place via an interior
points that pass the neighbor teéB® are shown as a func- crisis. For strongly non-phase-coherent attractors phase syn-
tion of the coupling strength in Figs(® and 8b). The fig-  chronization is a manifestation of generalized synchroniza-
ures show a similar trend with a large increase in the valuetion and phase synchronization occurs only after one of the
of o andP betweens=0.4 and 0.6(There is small increase positive LE passes to negative values, i.e., transition to gen-
of these quantities foe <0.4) These results imply that eralized synchronization. In this case phase locking is pos-
phase and generalized synchronization occur in a parallaible only with strong correlations of the amplitudes. Iron
way in the system as the coupling strength is varied. electrodissolution was shown to fall into this category; the

Similar experiments with two chaotic systems with vary- measures for phase and generalized synchronization fol-
ing coupling strength were carried out with nickel electrodis-lowed the same trend of variations.
solution [7]. In this system the chaotic attractor is phase Although detailed differential equation models of chaotic
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nickel and iron oscillations are not available, the generaklectrochemical systems. Depending on the phase-coherent
mechanism for the development of oscillations is known.features, phase and generalized synchronization can be inde-
Chaotic nickel dissolution with a phase coherent attractopendent or highly correlated processes. The robustness of the
can develop through period-doubling bifurcations and theanalysis method applied here can be useful for characterizing
system can be modeled with three variables: potential, angther physical, chemical, and biological systems that are
NiO and NiOH surface coveragég4]. However, to capture  composed of oscillations with different degrees of coherence.
the_ basic dynamicfal features of iron di;solution at Ieast fougqy example, in an analysis of rat electroencephalographic
variables are requiref25]; one of them is a slowly varying = signals[26] measures of phase and generalized synchroniza-
salt layer thickness. It is likely that this slow variable con-ion exhibited similar trends that imply underlying non-
tributes to the large phase incoherent character of the OSCibhase-coherent dynamics.

lations.

Two main routes to phase and generalized synchroniza- This work was supported by the National Science Foun-
tion have been confirmed in laboratory experiments withdation (Contract No. CTS-0317762
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